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Comparing Quantization Methods for Testing
Causality between Continuous-state and

Discrete-time Processes
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Abstract— This paper investigates the use of the plug-in
directed information rate estimator and hypothesis testing to
detect causality between discrete-time continuous-state proces-
ses. Following our previous work, we have first quantized
the continuous-state processes by means of three quantization
methods: equidistant, equipopulated and symbolic. Then, we
have applied directed information rate estimation and hypothesis
testing. Simulations indicate that the symbolic method is the most
effective in discriminating cases with an underlying causality
from those with abscent causality.

Keywords— Directed information, Causality, Estimation,
Quantization, Hypothesis testing.

I. INTRODUCTION

Causality is one fundamental concept in science. According
to Wiener [1], a process {Xn} causes a process {Yn} if
knowledge about the past of {Xn} improves prediction of
{Yn}, instead of using prediction from the past of {Yn}
alone [2]. Information theory tackles the issue of identifying
causal relations among processes by introducing measures
such as directed information (DI), transfer entropy, conditional
mutual information and momentary information transfer [3].
Despite some critiques on the use of these measures [4], DI
in particular has been widely used in diverse areas, such as
economy [5], neuroscience [6], [7], [8], hydrology [3] and
control [9].

When detecting causal influences in real data by means of
DI, usually one needs to estimate DI, because the underlying
probability measures are unknown. Thus, considerable effort
has been made to develop DI estimators. There are DI para-
metric estimators for discrete-state processes, as proposed by
Quinn et al. [6], and non-parametric estimators, as proposed
by Jiao et al. [10]. There are also DI estimators for continuous-
state processes [11], as proposed by Murin et al., which
extend mutual information estimators [12]. There is also a
DI estimator for the case when one process is a discrete-state
process and the other is a continuous-state process [13]. In
our previous work, we evaluated DI estimates obtained from
quantization of continuous-state processes by means of three
different methods followed by the use of Jiao estimators [14].

Despite accurate estimates obtained from many of these
estimators, some of them are rather complex and computa-
tionally demanding. Moreover, it may be difficult to interpret
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the meaning of a DI estimate and whether it means a causal
relation indeed. The work of Kontoyiannis and Skoularidou
[15], however, provides evidence that the plug-in estimator
(maximum likelihood estimator) allows the use of statistical
tests for detecting causality among Markov chains (under
broad assumptions). Motivated by this achievement, in this
paper we investigate whether quantization of continuous-
state processes followed by plug-in estimation and hypothesis
testing allows detection of causality. In order to do so, we use
examples as a ground truth and use Monte Carlo simulation
to assess this approach.

This paper is organized as follows: Section II introduces
notation and terminology used in this paper and Section III
introduces the measures of DI and DI rate. Section IV presents
the methods used in this paper, and Section V presents the
obtained results. Finally, Section VI concludes the paper.

II. NOTATION AND TERMINOLOGY

In this paper, we denote random variables by uppercase
letters, continuous-state random processes by uppercase letters
in braces and with subscript n (for example, {Xn}). We
denote discrete-state random processes similarly, but using
a tilde (e.g. {X̃n}). Subscripts usually denote the variable
index in a sequence, for example, X11 generally indicates
the 11th component of the process {Xn}. Subscripts also
denote the first index considered in a sequence. Superscripts
on a random variable denote finite length sequences of this
random variable, for example, X5

2 = (X2, . . . , X5). Subscript
omission in a sequence means that it begins in index 1 (X5 =
(X1, X2, . . . , X5) ). Throughout this paper, log is base 2 and
I{A=a} is the indicator function of the expression in subscript
({A = a} in this example). The alphabet of a discrete-state
random process {X̃n} is given in caligraphic letters (as X )
and its cardinality is given as |X |. Moreover, PX̃(x) is the
probability of the event {X̃ = x} and N (µ, σ2) denotes the
Gaussian distribution with mean µ and variance σ2.

III. DIRECTED INFORMATION

As mentioned in our previous work [14], DI between the
finite duration sequences assuming continuous values Xn and
Y n is defined as [16]:

I(Xn → Y n) = h(Y n)− h(Y n||Xn) (1)

where

h(Y n) =

n∑

i=1

h(Yi|Y
i−1) (2)
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is the differential entropy of the sequence Y n (and in the
right side of (2) we have applied the chain rule for differential
entropy) [17] and

h(Y n||Xn) =

n∑

i=1

h(Yi|Y
i−1X i) (3)

is the causally conditioned differential entropy of sequence Y n

causally conditioned on Xn.
Usually there is interest in how DI increases as the sequence

grows, or in its rate - DI per letter, which is defined as [18]:

In(X → Y ) =
1

n
I(Xn → Y n). (4)

DI rate is also defined in the limit as n → ∞, when the
limit exists:

I∞(X → Y ) = lim
n→∞

In(X → Y ). (5)

There are analogous definitions when dealing with discrete-
state random processes.

IV. METHODS

In this Section we explain the methods used in this pa-
per. Since the plug-in DI estimator is suitable to discrete-
state processes, quantization is necessary before using it with
continuous-state processes.

A. Quantization Methods

Previously to plug-in estimation of DI and hypothesis
testing, it is necessary to quantize the amplitudes of the
continuous values. The quantization methods adopted here are
equidistant, equipopulated and symbolic [19],[20].

Both equidistant and equipopulated methods segment the
range of each sample function, and the quantized process
{X̃n} assumes values X̃i = j if Xi is in the j-th segment.
The equidistant method partitions the range in equidistant
segments, according to Euclidean distance, while the equipo-
pulated method partitions the range in equipopulated segments
(it is a classical histogram method [19]).

The symbolic method follows the work of Bandt and Pompe
[20]. It consists in ordering k consecutive values of the
time series, representing this transition order by one number
that represents one of k! possible permutations. For example,
consider the time series:

X7 = [0.5 0.75 − 0.1 − 0.23 0.05 0.52 0.49]

If we choose k = 2, we have the corresponding transitions:

[01 10 10 01 01 10].

Labelling the symbol 01 as 1 and the symbol 10 as 2, we
obtain the following quantized sequence (beginning in index
n = 2):

X̃7
2 = [1 2 2 1 1 2].

On the other hand, if we choose k = 3 we have the
corresponding transitions:

[120 210 102 012 021].

TABLE I

PERMUTATION VALUES

Transition 012 021 102 120 201 210
Discretized value 1 2 3 4 5 6

Labelling each transition as in Table I, we obtain the
following quantized sequence (beginning in index n = 3):

X̃7
3 = [4 6 3 1 2].

B. DI plug-in estimation and hypothesis testing

Plug-in estimation basically counts the occurrence of each
value of the alphabet and assigns the relative frequency to
the probability of each value. Also, these relative frequencies
are used in the functional of DI. Relative frequencies are the
maximum likelihood estimator of a probability vector of a
variable with a discrete alphabet [21]. Moreover, if the joint
process {(X̃n, Ỹn)} is an irreducible and aperiodic Markov
chain of finite order, then the plug-in DI rate estimator is
consistent [15].

Formally, the plug-in DI rate estimate is given as fol-
lows. Given a sample (X̃n

−k+1, Ỹ
n
−k+1) of the joint process

{(X̃n, Ỹn)}, the relative frequency of the occuring sequence
(ak0 , b

k
0) in the sample is [15]:

P̂X̃0
−k

Ỹ 0
−k

,n(a
k
0 , b

k
0) =

1

n

n∑

i=1

I{X̃i

i−k
=ak

0
,Ỹ i

i−k
=bk

0
}. (6)

Thus, the DI rate estimate is:

Î(k)n (X̃ → Ỹ ) =
∑

X k+1,Yk+1

P̂X̃0
−k

Ỹ 0
−k

,n(a
k
0 , b

k
0) ×

log
P̂X̃0

−k
Ỹ0|Ỹ

−1

−k
,n(a

k
0 , bk|b

k−1
0 )

P̂X̃0
−k

|Ỹ −1

−k
,n(a

k
0 |b

k−1
0 )P̂Ỹ0|Ỹ

−1

−k
,n(bk|b

k−1
0 )

, (7)

where conditional distributions are analogously found.
Given the DI rate estimate, it is now possible to test for cau-

sality. Assume that {(X̃n, Ỹn)} is an irreducible and aperiodic
Markov chain with memory length k ≥ 1, with an all positive
transition matrix. Assume also that the univariate process
{Ỹn} is also a Markov chain with memory length k. Then,
according to Kontoyiannis and Skoularidou [15] (theorem 6),
if the process {X̃n} does not have a causal influence on {Ỹn},
then, as the observation time of the sequences increases, the
DI estimate converges in distribution to a χ2-distribution, with
D = |Y|k(|X |k+1 − 1)(|Y| − 1) degrees of freedom, that is:

2nÎ(k)n (X̃ → Ỹ )
D
−→ χ2(D). (8)

Thus, the weighted DI rate estimate 2nÎ
(k)
n (X̃ → Ỹ ) is the

test statistic. The objective is to test the null hypothesis H0:
I∞(X̃ → Ỹ ) = 0 (there is no causality) against the alternative
hypothesis H1: I∞(X̃ → Ỹ ) > 0 (there is causality). After the
quantization step followed by the plug-in estimate, we accept
H0 if and only if 2nÎ

(k)
n (X̃ → Ỹ ) < p, where p is the 95

percentile of the χ2-distribution with D degrees of freedom.
Moreover, we have separated the results of the tests on the

trials according to 4 classes: true positive (TP), true negative
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(TN), false positive (FP) and false negative (FN). A true
positive happened if the test detected causality and there was
an underlying causality between {Xn} and {Yn} indeed. A
false positive happened if the test detected causality but there
was not an underlying causality. Similarly, a true negative
happened if the test did not detect causality and there was
not an underlying causality, and a false negative happened if
the test did not detect causality but there was an underlying
causality. With this classification of the trials, we were able
to evaluate accuracy, sensitivity and specificity of the whole
process of detecting causality.

In this paper, accuracy measures the global classification
rate and is given by [22][23]:

Accuracy =
TP + TN

TP + TN + FP + FN
. (9)

Sensitivity measures the ability of identifying causality when
it actually exists:

Sensitivity =
TP

TP + FN
, (10)

and specificity measures the ability of rejecting causality when
it actually does not exist:

Specificity =
TN

TN + FP
. (11)

V. RESULTS

In this Section, we have evaluated the approach of firstly
quantizing the continuous-state process with the three cited
methods, plug-in estimating DI rate and then testing for
causality. In order to do so, we have used three examples.

A. First example: simple delay

In the first example, there are two cases. In the first
case, there is no underlying causality and we have two i.i.d.
Gaussian processes, so I∞(X → Y ) = 0. In the second case,
there is an underlying causality. The “driving” process {Xn}
is an i.i.d. Gaussian random process, with zero mean and unit
variance, while the “response” process {Yn} is built according
to:

Yi = Xi−1 + Zi (12)

where Zn is also an i.i.d. Gaussian random process with zero
mean and unit variance. As evaluated in our previous work
[14], in the second case the analytical DI rate was I∞(X →
Y ) = 0.5 bit.

We have quantized {Xn} and {Yn} with the three different
methods cited. We also used two sizes of quantization alpha-
bets: |X | = |Y| = 2 or |X | = |Y| = 6. For each method
and case, we have posteriorly used the plug-in estimator with
memory length k = 1 and ran 50 trials with the time duration
n = 105. Table II indicates the means of the estimates with
the different quantization methods and alphabet size 2 and
Table III indicates the means of the estimates with the different
quantization methods and alphabet size 6.

TABLE II

DI RATE ESTIMATE MEANS, IN BITS, USING THE SIZE OF QUANTIZATION

ALPHABETS |X | = |Y| = 2.

Causality yes no
Equidistant 4.9×10

−5 4.5×10
−5

Equipopulated 5.0×10
−5 4.6×10

−5

Symbolic 1.3×10
−2 4.3×10

−5

TABLE III

DI RATE ESTIMATE MEANS, IN BITS, USING THE SIZE OF QUANTIZATION

ALPHABETS |X | = |Y| = 6.

Causality yes no
Equidistant 3.3×10

−3 4.2×10
−3

Equipopulated 7.7×10
−3 7.5×10

−3

Symbolic 3.0×10
−2 1.5×10

−3

It is clear that the estimates obtained in Tables II and III
are very low when compared to the analytical value of the DI
rate (0.5 bit), a feature also noticed in our previous work [14].
Moreover, it is an established fact that mutual information of
continuous variables is the supremum of the quantized mutual
information, achieved only by the refinement of partitioning
[17]. Since DI is a sum of conditional mutual information [6],
an analogous behaviour could be expected. However, in the DI
rate estimates means, the symbolic method provides a greater
difference between the case where there was causality and the
case where there was not.

With the purpose of observing whether this difference was
meaningful or not, we have evaluated hypothesis tests and the
values for accuracy, sensitivity and specificity, as described in
Section IV. Tables IV and V show the evaluated measures of
classification.

TABLE IV

RATES OF CLASSIFICATION (%) OF THE FIRST EXAMPLE, CAUSAL × NOT

CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS |X | = |Y| = 2.

Quantization Equidistant Equipopulated Symbolic
Accuracy 55 53 91
Sensitivity 28 28 100
Specificity 82 78 82

TABLE V

RATES OF CLASSIFICATION (%) OF THE FIRST EXAMPLE, CAUSAL × NOT

CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS |X | = |Y| = 6.

Quantization Equidistant Equipopulated Symbolic
Accuracy 50 50 100
Sensitivity 0 100 100
Specificity 100 0 100

It is noticeable that the symbolic method of quantization,
followed by the plug-in estimation of DI rate and hypothesis
testing, provided the best method for detecting causality.

B. Second example: linear first order causal system

In this second example we have also simulated two cases.
In the first case, we have a linear first order causal system,
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where the input is a hidden Markov model [24]. The hid-
den states {S̃n} have the following transition probabilities:
PS̃i|S̃i−1

(0|0) = 0.9, PS̃i|S̃i−1
(1|0) = 0.1, PS̃i|S̃i−1

(0|1) =
0.05, PS̃i|S̃i−1

(1|1) = 0.95. The observed sequence contidio-

ned on the value of the hidden state S̃i = si had a Gaussian
distribution: Xi ∼ N (si, 1).

The linear system had the following differential equation:

τ ẏ + y = Kx, (13)

where ẏ denotes the first derivative of the output y, the input
x is equal to a realization of the “driving process” {Xn},
and the realization of the “response” process {Yn} is equal
to the output y. In our simulations, K = 1 and τ = 5. The
system was simulated for the time interval [1, n] with null
initial conditions. After the simulation, both the input and
the output were sampled at the time instants (1, 2, 3, . . . , n).
Figure 1 shows an example of realization of the processes
{S̃n}, {Xn} and {Yn}.

~

Fig. 1. Hidden states S̃100

1
, observable input X100

1
and the linear system

output Y 100

1
.

On the other hand, in the second case there was no
underlying causality. We ran trials where both {Xn} and
{Yn} were independent hidden Markov models, that is: Xi ∼
N (si, 1) and Yi ∼ N (ei, 1), where {S̃n} ⊥ {Ẽn} are
the hidden states with the same transition probabilities as
previously stated.

With those examples, for each case and method we ran 50
trials of time duration n = 105. We have evaluated measures
of accuracy, sensitivity and specificity of the capacity of the
methods to detect causality, as before. Tables VI and VII
present the results.

TABLE VI

RATES OF CLASSIFICATION (%) OF THE SECOND EXAMPLE, CAUSAL ×

NOT CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS

|X | = |Y| = 2.

Quantization Equidistant Equipopulated Symbolic
Accuracy 89 92 92
Sensitivity 100 100 100
Specificity 78 84 84

TABLE VII

RATES OF CLASSIFICATION (%) OF THE SECOND EXAMPLE, CAUSAL ×

NOT CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS

|X | = |Y| = 6.

Quantization Equidistant Equipopulated Symbolic
Accuracy 100 50 100
Sensitivity 100 100 100
Specificity 100 0 100

In this second example, the equidistant method of quan-
tization had a similar performance to the symbolic method.
However, with alphabet of size 2, the symbolic method had a
better performance against the equidistant method. The equi-
populated method had the worst performance with alphabet of
size 6.

C. Third example: nonlinear causal relation

Similarly to the previous examples, in this third example
we have two cases, one with an underlying causality and
another with no causality. However, for this example we use
a nonlinear relation. In the first case, we have the nonlinear
causal relation:

Yi = aYi−1 + b cos(Xi−1) + γZi, (14)

where {Xn} and {Zn} are independent, i.i.d. Gaussian pro-
cesses with zero mean and unit variance (Xi ∼ N (0, 1),
Zi ∼ N (0, 1)). We set a = 0.8, b = 1 and γ = 0.5. Figure 2
illustrates sample functions of the processes {Xn} and {Yn}
(which was built according to (14)), from time index 1 to 100.

0 20 40 60 80 100

−3

4

X
100
1

0 20 40 60 80 100
−2

6

Y
100
1

Discrete time, i

Fig. 2. Sample functions of the processes {Xn} and {Yn}.
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In the second case, we have the same i.i.d. Gaussian {Xn}
process, but {Yn} is built as:

Yi = aYi−1 + b cos(Wi) + γVi, (15)

where {Wn} and {Vn} are also independent, i.i.d. Gaussian
processes with zero mean and unit variance. Again, we set
a = 0.8, b = 1 and γ = 0.5.

Proceeding in an analogous way as in the previous exam-
ples, we have quantized the processes, evaluated DI rate plug-
in estimates and performed statistical tests. Tables VIII and
IX present the results.

TABLE VIII

RATES OF CLASSIFICATION (%) OF THE THIRD EXAMPLE, CAUSAL × NOT

CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS |X | = |Y| = 2.

Quantization Equidistant Equipopulated Symbolic
Accuracy 84 47 87
Sensitivity 84 14 100
Specificity 84 80 74

TABLE IX

RATES OF CLASSIFICATION (%) OF THE THIRD EXAMPLE, CAUSAL × NOT

CAUSAL, USING THE SIZE OF QUANTIZATION ALPHABETS |X | = |Y| = 6.

Quantization Equidistant Equipopulated Symbolic
Accuracy 100 50 100
Sensitivity 100 100 100
Specificity 100 0 100

In this third example, the equidistant method had a compa-
rable performance to the symbolic method. Equidistant method
had a better specificity, while symbolic method had a better
sensitivity (when the quantized processes had alphabet size 2).
The equipopulated method had the worst performance again.

VI. CONCLUSION

In this paper we have investigated causality detection
between two continuous-state discrete-time processes. This
causality detection procedure consisted in quantization of the
processes followed by DI rate plug-in estimation and hypothe-
sis testing. The quantization was performed according to three
different methods: equidistant, equipopulated and symbolic.
In the majority of the simulated cases, the symbolic method
had a performance equal to or better than the other methods,
while the equipopulated method had the worst performance in
causality detection. The only case where equidistant method
slightly outperformed the symbolic method was in rejecting
causality when it was actually abscent in a nonlinear causality
relation (in the specificity measure in the third example,
with alphabet size 2). Moreover, with the alphabet size 6
the symbolic method had a better performance than with
size 2 (provided that there is a realization of the processes
with a large time duration). Thus, the results suggest that
the symbolic method of quantization, followed by plug-in DI
rate estimation and hypothesis testing constitutes a simple
but promising procedure for detecting causality between two
continuous-state discrete-time random processes.
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[19] K. Hlaváčková-Schindler, M. Paluš, M. Vejmelka, and J. Bhattacharya,
“Causality detection based on information-theoretic approaches in time
series analysis,” Physics Reports, vol. 441, no. 1, pp. 1–46, 2007.

[20] C. Bandt and B. Pompe, “Permutation entropy: a natural complexity
measure for time series,” Physical review letters, vol. 88, no. 17, p.
174102, 2002.

[21] I. Grosse, “Applications of statistical physics and information theory to
the analysis of dna sequences,” Ph.D. dissertation, Boston University,
2000.

[22] M. O. Santos, J. M. de Assis, V. J. D. Vieira, and F. M. de Assis,
“Ksg estimation of reconstruction delay to detect vocal disorders in
nonlinear dynamical analysis,” Research on Biomedical Engineering,
vol. 34, no. 3, pp. 217–225, 2018.

[23] E. Alpaydin, Introduction to Machine Learning. The MIT Press, 2010.
[24] C. M. Bishop, Pattern recognition and machine learning. Springer,

2006.


