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Semi-Supervised Receiver for MIMO Systems with
Mixed Khatri-Rao-Kronecker Coding

Amarilton L. Magalhães, Paulo R. B. Gomes, and André L. F. de Almeida

Abstract— In this work, we propose a multiple Kronecker
product-based space-time (MKronST)-based coding for single-
hop point-to-point multiple-input multiple-output (MIMO) sys-
tems that employ space-time spreading scheme whose certain
number of data streams are spatially spread within the antennas
of a subarray while other ones are spread across antennas of
different subarrays. Capitalizing on a tensor formalism, the
received signals are modelled as a constrained quadrilinear
parallel factor (PARAFAC) model, which allows us to derive a
semi-supervised iterative receiver for joint symbol and channel
estimation. Simulation results are provided to evaluate the per-
formance of the proposed receiver. Our numerical results show
that the proposed semi-supervised receiver is capable of jointly
estimating the symbol and channel matrices with a superior
performance in comparison to competing receivers outlined in
the literature.

Keywords— MIMO, constrained PARAFAC model, MKronST
coding.

I. INTRODUCTION

In wireless communications, legacy techniques generally
deal with signal processing in the matrix form. It is possible
employ modern processing techniques that apply tensorial
approaches [1] as an effort to exploring dimensions beyond
space-time such as frequency, code, azimuth, elevation, po-
larization, just to mention a few. Getting the most out of
all dimensions of the signal can bring advantages such as
identifiability, improvement on parameter estimation accuracy,
and reliability and robustness on the symbol detection [2].
In multiple-input multiple-output (MIMO) point-to-point com-
munications, the tensorial approach has been used in several
works to model different space-time, or space-time-frequency,
signaling structures (see [2] and the references therein).
Among the existing tensor-based modeling approaches, the
most popular makes use of the parallel factor (PARAFAC) de-
composition [3], [4], [5], [6]. Following [7], [8], several works
have showed the potential of tensor models as powerful tools
to model multi-dimensional communication systems while
enjoying blind/semi-blind estimation and detection properties
[9], [10], [11], [12], [13] and [14]. For instance, in the context
of MIMO relaying systems, [10] presented a simplified Khatri-
Rao space-time (KRST) coding at the source node and several
semi-blind receivers were proposed whose the signals received
at the destination node follow a PARATUCK model [15]. The
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authors of [11] introduced an extra time diversity by using a
KRST coding at the relay in a similar transmission scheme
in which the signals received at destination were modelled
as the nested PARAFAC model originally introduced in [16].
The work [12] proposed a closed-form semi-blind receiver
using the Khatri-Rao factorization (KRF) algorithm to achieve
a complexity reduction in comparison to previously reported
iterative solutions.

More recently, the authors of [17] proposed two new
KRST-based coding strategies based on multiple Khatri-Rao
and Kronecker products of symbol matrices, called multiple
Khatri-Rao product-based space-time (MKRST) and multi-
ple Kronecker product-based space-time (MKronST) codings.
Therein, a one-way two-hop MIMO relay system with codings
both at the source and relay nodes was considered and semi-
blind receivers based on a trilinear PARAFAC-based model
were presented. In [18], the authors proposed a two-stage
iterative and non-iterative semi-supervised receivers for a
MKRST coding based MIMO system, still using a trilinear
PARAFAC modeling approach.

In this work we consider a mixed Khatri-Rao-Kronecker
based ST coding scheme for point-to-point MIMO system,
following up the approach of [17]. In this scheme, the
transmit antenna array is partitioned into a certain number
of subarrays that transmit Kronecker products of two data
streams while spatially spreading these data streams within
different antennas of a subarray while other ones are spread
across antennas of different subarrays. This approach provides
an additional spatial diversity due to the intra-group and
inter-group spreadings provided by subarray partitioning. At
the destination, we derive a new semi-supervised receiver
that exploits a constrained quadrilinear PARAFAC model. In
contrast to [17] and [18], which resorts to trilinear PARAFAC
models and estimate the transmitted symbols and channels in
two stages, our proposed semi-supervised receiver jointly and
directly estimates the transmitted symbol and channel matrices
by means of a single-stage iterative alternating least squares
algorithm. Our numerical results corroborate the performance
improvement of the proposed received in terms of symbol error
rate over competing solutions, such as the one proposed in
[17] while comparing to the its version with perfect channel
knowledge.

The rest of this article is organized as follows. In Section
II, the notations, preliminaries of tensors and background of
PARAFAC decomposition are presented. Section III describes
the system model and tensor modelling and in the Section IV,
the single stage iterative semi-supervised receiver is derived.
On the sequence, in Section V numerical simulations and
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results are presented for validating the performance of the
proposed model, and the article is concluded in Section VI.

II. NOTATION AND TENSOR PRELIMINARIES

A. Notation

Scalars, column vectors, matrices, and tensors are denoted
by lower-case x, boldface lower-case x, boldface capital X ,
and calligraphic X letters, respectively. XT, X∗ and X†

denote transposition, conjugate and Moore-Penrose pseudo
inverse of X , respectively. X l: and X :m represent the l-th row
and m-th column of X ∈ CL×M , respectively. The operator
Dn(X) forms a diagonal matrix out the n-th row of X . A
tensor X ∈ CI1×I2×···×IN is a multidimensional data array,
in which N is called the order of X . A specific dimension
or mode of X is denoted by In, with n = 1, 2, . . . , N .
The (i1, i2, · · · , iN )-th entry of X is denoted by xi1,i2,··· ,iN .
Unfolding or matricization is the procedure of reshaping
an N -order tensor into a matrix. The mode-n unfolding of

X ∈ CI1×I2×···×IN is denoted by [X ](n) ∈ C
In×

∏
m̸=n

Im
. For

example, given a third-order tensor X ∈ CI×J×K with entry
xi,j,k, the matrices [X ](1) ∈ CI×JK , [X ](2) ∈ CJ×IK and
[X ](3) ∈ CK×IJ denote wide mode-1, mode-2 and mode-
3 unfoldings. ||·||F denotes the Frobenious norm and the
symbols ⊗ and ⋄ denote the Kronecker and the Khatri-Rao
(columnwise Kronecker) matrix products, respectively. The
tensor n-mode product is obtained by multiplying a tensor by
a matrix (or a vector) in mode n. Given X ∈ CI1×I2×···×IN

and W ∈ CJ×In , their n-mode product is given by Y =
X ×n W in a tensor fashion and produces a new tensor
Y ∈ CI1×···×In−1×J×In+1×···×IN . It can be computed in the
matrix form by [Y](n) = W [X ](n).

B. PARAFAC decomposition

The PARAFAC decomposition factorizes a tensor into a sum
of R rank-1 tensors. It can be expressed in terms of n-mode
products as [1]

X = IN,R ×1 A
(1) ×2 A

(2) × · · · ×N A(N), (1)

where IN,R denotes the N -order identity tensor and A(n) ∈
CIn×R denotes the factor matrices. R is the tensor rank. The
elementwise form [3], [6] of the PARAFAC decomposition of
a N -th order tensor X ∈ CI1×I2×···×IN is

xi1,i2,··· ,iN =

R∑
r=1

a
(1)
i1,r

a
(2)
i2,r

· · · a(N)
iN ,r =

R∑
r=1

N∏
n=1

a
(n)
in,r

, (2)

where a(n)i1r
denotes the elements of the factor matrix A(n). The

n-mode unfolding of X admits the following factorization in
terms of its factor matrices

[X ](n) = A(n)
(
A(N) ⋄ · · · ⋄A(n+1) ⋄A(n−1) ⋄ · · · ⋄A(1)

)T
. (3)

The most outstanding feature of the PARAFAC decomposi-
tion is its essential uniqueness property under mild conditions
[1], [15].

III. SYSTEM MODEL

Let us consider a point-to-point single user MIMO system
with Ms antennas at the source and Md antennas at the
destination. The transmit antenna array is partitioned into K
subarrays. We assume a Rayleigh channel model. The signal
received X at the destination can be expressed as

X = HST + V , (4)

where H ∈ CMd×Ms is the channel matrix, V is the additive
white Gaussian noise (AWGN) term, and S denotes the coded
symbol matrix. The transmission rate, expressed by bits per
channel use, is given by ρ = nus

nps
log2 ν, where nus is the

number of information symbols contained in S, nps is the
number of symbol periods, and ν denotes the modulation
cardinality (constellation size).

We consider a space-time spreading scheme such that
Ms/K data streams spanning N1 symbol periods are spatially
spread within the antennas of a subarray (intra-group spread-
ing), while K data streams spanning N2 symbol periods are
spread across the antennas of different subarrays (inter-group
spreading). The data transmission embeds Ms pilot sequences
spanning Np symbols. We consider that the first information
symbol in each data stream is known at the receiver. The
overall transmitted symbol matrix is generated according to
a MKronST-based coding, in which S is formed through
the Khatri-Rao product of a pilot matrix Sp ∈ CNp×Ms

and a Kronecker product of various symbol matrices S(q) ∈
CNq×Msq , with q = 1, 2, · · · , Q, and Q ≥ 2, as follows

S = Sp ⋄
[
S(1) ⊗ S(2) ⊗ · · · ⊗ S(Q)

]
= Sp ⋄

Q

⊗
q=1

S(q). (5)

For simplicity of exposition, we consider N = 2 and propose
to rewrite (5) as

S = Sp ⋄ S2Φ ⋄ S1Ψ, (6)

where Sp ∈ CNpN2N1×Ms denotes the pilot matrix, S1 ∈
CN1×Ms/K and S2 ∈ CN2×K are the two symbol matrices
carrying the information symbols, while Ψ ∈ CMs/K×Ms

and Φ ∈ CK×Ms are constraint matrices defined as Ψ =
1T
K ⊗I Ms

K
and Φ = IK ⊗1T

Ms
K

, respectively. These constraint
matrices satisfy the Khatri-Rao structure Φ ⋄Ψ = IMs

. The
product S1Ψ concatenates K matrices S1 side by side, while
the product S2Φ produces a matrix in which each column
of S2 is repeated Ms/K times. The constraint matrices Ψ
and Φ have a physical interpretation. Indeed, they capture the
intragroup and intergroup spreading structures, respectively.
For instance, when Ms = 4 and K = 2, we have

Ψ =

[
1 0 1 0
0 1 0 1

]
, Φ =

[
1 1 0 0
0 0 1 1

]
. (7)

From the property S2Φ ⋄ S1Ψ = (S2 ⊗ S1) (Φ ⋄Ψ), we
have S2Φ ⋄ S1Ψ = S2 ⊗ S1 since the Khatri-Rao product
between Φ and Ψ is equal to identity matrix.

By substituting (6) into (4), we can recast the received
signal matrix X ∈ CMd×NpN2N1 as a fourth-order tensor
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X ∈ CMd×N1×N2×Np that can be expressed using the n-mode
product notation as

X = I4,Ms
×1 H ×2 S1Ψ×3 S2Φ×4 Sp + V, (8)

where I4,Ms represents a fourth-order identity tensor of size
Ms × Ms × Ms × Ms, and V is the corresponding noise
tensor. The signal part of (8) follows a constrained quadrilinear
PARAFAC model with factor matrices represented by H ,
S1Ψ, S2Φ and Sp. The tensor X admits the following
factorizations with respect to their factor matrices:

[X ](1) = H (Sp ⋄ (S2Φ) ⋄ (S1Ψ))
T
+ [V](1) , (9)

[X ](2) = S1Ψ (Sp ⋄ (S2Φ) ⋄H)
T
+ [V](2) , (10)

[X ](3) = S2Φ (Sp ⋄ (S1Ψ) ⋄H)
T
+ [V](3) , (11)

[X ](4) = Sp ((S2Φ) ⋄ (S1Ψ) ⋄H)
T
+ [V](4) . (12)

IV. PROPOSED RECEIVER

In this section, we present an iterative semi-supervised re-
ceiver for joint channel and symbol estimation that exploits the
quadrilinear PARAFAC tensor model derived in the previous
section. The receiver makes use of the three unfoldings of the
received signal tensor given in (9)-(11) to jointly estimate the
channel matrix H and the symbol matrices S1 and S2 by
means of a trilinear alternating least-squares (ALS) algorithm.
The algorithm alternately estimate each matrix by solving the
following conditional LS criteria:

argmin
H

∣∣∣∣∣∣[X ](1) −H (Sp ⋄ (S2Φ) ⋄ (S1Ψ))
T
∣∣∣∣∣∣2
F
, (13)

argmin
S1

∣∣∣∣∣∣[X ](2) − S1Ψ (Sp ⋄ (S2Φ) ⋄H)
T
∣∣∣∣∣∣2
F
, (14)

argmin
S2

∣∣∣∣∣∣[X ](3) − S2Φ (Sp ⋄ (S1Ψ) ⋄H)
T
∣∣∣∣∣∣2
F
, (15)

the solutions of which are given, respectively, by

Ĥ = [X ](1)

[
(Sp ⋄ (S2Φ) ⋄ (S1Ψ))

T
]†

, (16)

Ŝ1 = [X ](2)

[
Ψ (Sp ⋄ (S2Φ) ⋄H)

T
]†

, (17)

Ŝ2 = [X ](3)

[
Φ (Sp ⋄ (S1Ψ) ⋄H)

T
]†

, (18)

where Ĥ , Ŝ1 and Ŝ2 denote the estimates of H , S1 and
S2, respectively. At the receiver, each iteration of the trilinear
ALS algorithm contains three updating steps. At each step,
the fitting error is minimized with respect to one given factor
matrix by fixing the others to their values obtained at previous
updating steps. This procedure is repeated until convergence
is reached. The error at the i-th iteration is calculated as

e(i) =

∣∣∣∣∣∣∣∣[X ](1) − Ĥ(i)

[
Sp ⋄ (Ŝ2(i)Φ) ⋄ (Ŝ1(i)Ψ)

]T∣∣∣∣∣∣∣∣2
F

,

and the convergence is declared when
∣∣e(i) − e(i−1)

∣∣ /e(i) < ε.
In Algorithm 1, the proposed receiver for direct symbol and
channel estimation is summarized, herein refereed to as the
constrained trilinear ALS (CTALS) receiver.

Algorithm 1: Proposed constrained trilinear ALS (CTALS)
for direct joint symbol and channel estimation.

1. Set i = 0; Initialize Ŝ1(i=0) and Ŝ2(i=0) randomly;
2. i = i+ 1;
3. Using [X ](1), find an LS estimate of Ĥ(i):

Ĥ(i) = [X ](1)

[(
Ŝp ⋄

[
Ŝ2(i−1) ⊗ Ŝ1(i−1)

])T
]†

;

4. Using [X ](2), find an LS estimate of Ŝ1(i):

Ŝ1(i) = [X ](2)

[
Ψ

(
Ŝp ⋄ Ŝ2(i−1)Φ ⋄ Ĥ(i)

)T
]†

;

5. Using [X ](3), find an LS estimate of Ŝ2(i):

Ŝ2(i) = [X ](3)

[
Φ

(
Ŝp ⋄ Ŝ1(i)Ψ ⋄ Ĥ(i)

)T
]†

;

6. Repeat steps 2-5 until convergence;
7. Remove scaling ambiguities;
8. Project the estimated symbols onto the alphabet.

Since the pilot matrix Sp is known at the receiver, permu-
tation ambiguity does not exist However, the estimates of the
symbol and channel matrices Ŝ1, Ŝ2 and Ĥ are affected by
scaling ambiguities. To remove the scaling factors of S1 and
S2, we consider that the first row of these matrices is known
and composed of 1’s. This corresponds to using ID bits that
are fixed by the transmitted and known at the receiver for
each transmission. Hence, these known symbols are then used
to find the final estimates of the symbol matrices as follows

¯̂
S1 = Ŝ1∆S1 ,

¯̂
S2 = Ŝ2∆S2 ,

where ∆S1 = [D1 (S1)]
−1 and ∆S2 = [D1 (S2)]

−1. Since
the scaling ambiguities compensate each other, the matrix
that corrects the scaling ambiguity on the estimated channel
matrix is given by ∆H = D1

(
S2

)
D1

(
S1

)
, from which

a final estimate of the channel matrix can be obtained as
¯̂
H = Ĥ∆H .

V. SIMULATION RESULTS AND DISCUSSION

The performance of the proposed CTALS receiver is evalu-
ated in terms of symbol error rate (SER) and normalized mean
square error (NMSE) of the estimated channel, as a function of
the signal-to-noise ratio (SNR). Each SER and NMSE curve
is an average of 1000 independent Monte Carlo runs. Each
run corresponds to a different realization of channel, symbol,
and noise matrices. For each run, the NMSE is calculated as∣∣∣∣∣∣H − Ĥ

∣∣∣∣∣∣2
F
/ ||H||2F. The coefficients of the MIMO channel

matrix are drawn from a zero-mean unit-variance complex-
valued Gaussian distribution (Rayleigh fading assumption),
while the symbol matrices S1 and S2 are drawn from a 16-
QAM (quadrature amplitude modulation) constellation. The
pilot symbol matrix Sp is designed as a truncated discrete
Fourier transform (DFT) matrix. The noise power is generated
according to the desired SNR. Since we assume that the first
row of each symbol matrix is fixed, the effective transmission
rate of the mixed Khatri-Rao-Kronecker can be calcutated with
nus = (N1−1)Ms

K +(N2−1)K, nps = NpN1N2, and ν = 16.
In Figures 1 and 2, we compare SER and NMSE perfor-

mances of the proposed receiver CTALS with: (i) the tradi-
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tional trilinear ALS (TALS) [16] and multidimensional Khatri-
Rao factorization [19] of three matrices (KRF3) methods for
systems that employ MKRST coding [17], [18]; (ii) the two-
stage KRF-KronF receiver [17]; (iii) the single-stage BALS
(bilinear ALS) assuming a perfect knowlegde of the MIMO
channel matrix to estimate the individual symbol matrices.
More specifically, this receiver is a bilinear version of what is
designed from Algorithm 1. Note that the two-stage receivers
TALS, KRF3, and KRF-KronF also exploit the MKronST
coding scheme given by (5), but are instead based on a
trilinear PARAFAC model [17]. To ensure a fair comparison
with the TALS and KRF3 receivers that are valid for the
MKRST coding scheme [17], the transmission parameters of
the MKronST scheme are adjusted to ensure the same the
transmission rate as that of the MKRST scheme1. To this end,
we set Ms = Md = N1 = N2 = 4, and use Np = 6 for
MKronST and Np = 12 for MKRST.

From Figure 1, we can note that the CTALS receiver
outperforms all the competing receivers. Although both TALS
and CTALS exploit a quadrilinear PARAFAC model, the per-
formance gains of CTALS comes from the improved symbol
estimation accuracy achieved with the intergroup/intragroup
spatial spreading that introduces an extra spatial diversity,
whereas TALS is based on the conventional PARAFAC model
with Khatri-Rao coding which is a full spatial multiplexing
scheme. As for the channel estimation, we can see that TALS,
KRF3 and CTALS have the same NMSE performance. Note
also that the KRF-KronF receiver has the worst performance
due to the error propagation that affects the symbol estimation
in the second stage. It is worth noting that the SER perfor-
mance of CTALS is slightly inferior to that of the BALS with
perfect channel knowledge.

In Figure 2, the NMSE results of estimated channel are
shown. We can see that CTALS has the same channel esti-
mation accuracy as the TALS and KRF3 receivers, which is
in turn better than that of the KRF-KronF receiver. Indeed,
CTALS and TALS are iterative estimation algorithms that
provide a direct and joint estimation of the symbol and channel
matrices, while KRF3 jointly estimates the symbol and channel
matrices in closed form.

In Figure 3, we compare SER performances for KRF-
KronF and CTALS receivers, in which the number of symbol
periods is varied as N1 = N2 = 2, 4 and 8. The number of
transmitting antennas, receiving antennas and pilot symbols
are fixed to Ms = Md = Np = 4, respectively, and the
number of subarrays is set to K = 2. When we analyse the
influence of the data block lengths N1 = N2, we conclude
that a slight improvement in the SER is achieved when N1/N2

increases. Since the transmission rate is reduced when N1 or
N2 increases, using short data blocks is recommended.

In Figure 4, we consider the proposed CTALS receiver
and evaluate the individual SER performance of the symbol
matrices S1 and S2 for two system configurations with N1 =
10, N2 = 2 and N1 = 2, N2 = 10. We can observe that the
SER of S1 is better than that of S2 in the second configuration

1The transmission rate for the MKRST coding scheme can be calculated
with nus = [(N1 − 1) + (N2 − 1)]Ms and nps = NpN2N1 [17].
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Fig. 1. SER vs. SNR comparison for various receivers.
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Fig. 2. NMSE of estimated channel vs. SNR comparison for various
receivers.
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Fig. 3. SER vs. SNR comparison for N1 = N2 = 2, 4 and 8.

(N1 = 2 and N2 = 10). Conversely, the SER of S2 is
better than that of S1 in the first configuration (N1 = 10 and
N2 = 2). This results corroborate the cross-spreading gains
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Fig. 4. SER vs. SNR comparison for the CTALS receiver under two scenarios
with the block length configurations (N1 = 2, N2 = 10) and (N1 = 10,
N2 = 2).

of the MKronST scheme, where S1 acts as a spreading code
for S2 and vice-versa. Thus, increasing the time span of one
matrix leads to a performance improvement on the detection
of the other matrix. A similar behavior was observed in the
KRF-KRF receiver of [18].

VI. CONCLUSIONS

We have proposed an iterative semi-supervised CTALS
receiver for MKronST-coded MIMO systems. The proposed
receiver jointly and directly estimates the transmitted symbol
and channel matrices by means of a single-stage iterative
alternating least squares algorithm that capitalizes on a con-
strained quadrilinear PARAFAC model for the received signal
tensor. Our numerical results corroborate the performance
improvement of the proposed receiver in comparison to com-
peting alternatives, in terms of symbol error rate and channel
normalized mean square error. As future perspectives of this
work, we shall consider the generalization of the presented
model to the multi-user case and extended spreading schemes
that can incorporate an extra frequency (or time) dimension by
operating with pilot symbol tensors (instead of pilot symbol
matrices). The development of new receiver algorithms to deal
with such schemes is also a topic for future studies.
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