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Abstract—In the context of the Blind Source Separation (BSS) 

problem, the use of Mutual Information (MI) as an independence 

measure can be very effective, even for certain types of nonlinear 

mixtures. However, in this case, it is generally necessary to 

estimate the joint and the marginal distributions associated with 

the random variables of interest. In this work, we consider the 

kernel methods for distribution estimation allied to a convenient 

metric as alternative to classical MI: the quadratic divergence. 

The proposed method is applied to the problem of Linear-

Quadratic mixtures, using a recurrent network for separation 

and an evolutionary algorithm, the opt-aiNet, for parameter 

optimization. Its performance is analyzed and compared with the 

classical MI estimated via histogram in three different scenarios 

including synthetic and real data. The results are favorable to the 

proposal, especially for small data sets. 

Keywords— Blind Source Separation, Linear Quadratic, 

Quadratic Divergence, Kernel Methods 

I. INTRODUCTION 

In signal processing theory, the problem of Blind Source 
Separation (BSS) occupies a prominent place in view of its 
applicability in several real world problems, like geophysics, 
neuronal activity analysis, communications, audio/video data 
modeling, and sensor signals compensation [1,2]. From the 
classical perspective, the BSS problem consists of separating a 
set of signals by using only measurements of their mixtures 
and, possibly, some available a priori information.  

Usually, it is assumed that the mixing process is linear and 
that the sources are statistically independent. Under these 
assumptions, one can successfully use techniques that are able 
to explore the independence prior, which establishes a 
connection with the so-called Independent Component 
Analysis (ICA) [1,2]. Undoubtedly, in this context, the entity 
known as Mutual Information (MI) plays a key role to quantify 
the degree of statistical dependence between the source 
estimates.  

Although MI-based methods are shown to be very effective 
in the context of linear mixtures, their extension to the general 
nonlinear BSS problem is not straightforward, since ICA might 
not be sufficient in these cases [3,4]. In view of this, the 
problem is generally investigated for specific applications with 
constrained mixing models, among which can be included the 
Post-Nonlinear (PNL) [5] and the Linear-Quadratic (LQ) [6,7] 
cases.  

The LQ model, in particular, is of special interest for us due 

to an interesting prerogative: though the mixtures are 
nonlinearly combined, independence among sources indicates 
to be sufficient for source separation [6]. The relevance of this 
model can also be justified in terms of its applicability [7-9] 
and of the theoretical line of investigation followed in works 
like [10], which, aside from being an important contribution 
per se, can be a path towards increasing the tractability of other 
nonlinear formulations. 

Within the LQ problem, it is customary to adopt the score 
functions as an indirect form of the MI concept [7]. However, 
if one considers the possibility of estimating the probabilistic 
densities functions (PDFs) from the available samples, the MI 
notion can be directly applied, e.g., via histogram or kernel 
methods [11]. In special, the last method – in this case, also 
referred to as Parzen window method – presents some 
advantages, like: (i) the ability of specifying more flexible 
window shapes than the rectangular window – used in the 
histogram method –, (ii) the improved convergence to the 
underlying density and (iii) its differentiability, allowing 
gradient methods to be applied [11,12]. Hence, in this work, we 
employ kernel methods for density estimation but, in addition 
to that, aim at an alternative measure of independence: the 
Quadratic Divergence (QD) between densities, a metric 
belonging to the field of Information Theoretic Learning (ITL) 
[12,13]. Although deeply related to MI, this measure presents 
the advantage of being a difference of PDFs, hence avoiding 
stability problems when the denominator PDF is zero, and can 
also be very convenient if combined with certain types of 
kernel functions. This approach, along with the use of a 
recurrent network and the opt-aiNet, an evolutionary 
optimization method [14], will be compared to the classical 
histogram MI estimate in synthetic and real data scenarios. 

This work is organized as follows. In Section II, we 
describe the BSS problem and derive the QD separation 
criterion. In Section III, the linear quadratic model is presented. 
The invertibility of the nonlinear system and the optimization 
method are introduced in Section IV. A number of simulation 
results are analyzed in Section V. Finally, the conclusions are 
summarized in Section VI. 

II. ICA AND THE MUTUAL INFORMATION 

In the BSS problem, the main objective is to recover a finite 
set of   sources named   ( ), for        , from   
observations of the mixtures, which were generated according 
to the model:  

 ( )   ( ( ))   (1) 

where  ( ) is the column vector with all sources at the instant 
 ,  ( ) is the mixing function, potentially nonlinear, and  ( ) 
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is the column vector containing the   mixtures (or 
observations) at the instant  . Therefore, it is desired to obtain 

 ( )   ( ( )), such that  ( )     ( ), up to scale and 

permutation factors [1]. 

In view of the assumption of statistically independent 
sources, the separation is usually performed within the ICA 
framework, being the mutual information [1,2] a canonical cost 
function to be minimized: 

 ( ( ))  ∫  
 

  

∫       ( ̅     ̅ )
 

  

 

    (
      ( ̅     ̅ )

∏    ( ̅ )
 
   

)  ̅    ̅  

(2) 

where       ( ̅     ̅ ) is the joint PDF of the output vector 

 ( ) and    ( ̅ ) the marginal PDF associated with the i-th 

recovered source. 

For linear mixtures, Eq. (2) can be simplified, being 
necessary to compute only the marginal distributions [1,2]. 
Notwithstanding, in a more general nonlinear case, all PDFs, 
even the multivariate one, must be obtained/estimated. In that 
sense, there are distinct methods aimed at PDF estimation. In 
this work, we detach the kernel density estimators, which is a 
nonparametric approach capable of encompass multivariate 
and/or univariate signals [12,13]. 

Interestingly, the MI defined by Eq. (2) can be viewed from 
another perspective: since the minimum point is only achieved 

when the joint PDF       ( ̅     ̅ ) is equal to the product 

of the marginal densities, i.e., ∏    ( ̅ )
 
   , the MI cost can 

also be viewed as the matching of PDFs. From the ITL field, 
this notion – along with the kernel methods – was intensively 
studied from the standpoint of the Quadratic Divergence (QD) 
[12]. Although there are alternative ITL measures to the 
classical MI, like the α-mutual information (based on the 
Rényi’s framework), the QD shows to be a simpler and more 
stable option [12,13]. 

A. The Quadratic Divergence 

   As an alternative to the classical MI, a very promising 
perspective is to employ the QD between estimates of the joint 
PDF and the marginal PDFs product of the separated sources, 
which can be expressed through the following relation: 
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Note that the comparison between PDFs is carried out by a 
difference, which avoids some instability issues faced by MI 

when ∏    ( ̅ )
 
    (denominator) tends towards to zero. In Eq. 

(3), when both PDFs are coincident, the divergence is null, and 
the separated sources will be independent (analogously to the 
mutual information).  

Henceforth, for the sake of exposition simplicity, we will 
consider the case in which there are only two sources to be 
separated, (   ), but, notwithstanding, the formulation can 

be extended to a generic case. Thus, with two sources    and 

  , Eq. (3) reduces to 
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The next step is to use the kernel estimates of the PDFs, based 
on Gaussian kernels. More specifically, the joint PDF estimate 
will be represented as 
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and that of each marginal PDF as 
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where 
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is the Gaussian kernel with kernel size σ,   ( ) is the j-th 
sample of the i-th separated source and   is the number of 
samples. 

Hence, using (5) and (6) in (4), there results 
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where the following relation was used: 

∫   ( ̅    ( ))   ( ̅    ( ))   ̅ 

     (  ( )    ( )) 
(9) 

which is a convenient property of the Gaussian kernel – 
although other kernels are also employable. 

We expect that the QD criterion – Eq. (8) –, as a kernel-
based approach, will be able to engender reliable measures 
from a relatively low amount of data in comparison with other 
traditional methods in the field. 

III. THE LINEAR-QUADRATIC MODEL 

In the context of BSS problems, one specific nonlinear 
mixing model that can be considered of particular importance, 
both in theoretical and practical terms, is the Linear-Quadratic 
(LQ) [6]. While it is known that independence does not suffice 
for coping with general nonlinear mixtures, empirical results 
suggest that the ICA methods can be valid for the LQ model. 

A. Description of the Model 

The LQ mixture model can have any number of sources 
and mixtures, being described as follows: 
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being        .Particularly, in the case of two sources and 
two mixtures, the system associated with this model can be 
described as:  

  ( )       ( )       ( )      ( )  ( ) 

  ( )       ( )       ( )      ( )  ( ) 
(11) 

Unlike the case of linear mixtures, preprocessing cannot be 
carried out for general nonlinear mixtures, including the LQ 
case. Sources that differ by scaling factors and offsets still 
represent the same solution, but they cannot be easily modeled 
by a similar change in the mixtures due to the nonlinearities 
present in the model. Therefore, in the LQ case, we cannot 
perform even the simplest forms of preprocessing (such as 
normalization or offsetting the mean to zero).  

IV. LQ INVERTIBILITY: RECURRENT NETWORK AND 

EVOLUTIONARY OPTIMIZATION 

In order to completely separate the LQ mixtures, the use of 
a recurrent network might be required [10]. Indeed, it can be 
shown that, for the case of two sources and two mixtures, the 
following relation is suitable for solving the LQ problem [7]: 

  (   )    ( )      ( )      ( )  ( ) 

  (   )    ( )      ( )      ( )  ( ) 
(12) 

where                , and        (      ). Eq. (12) 

can be graphically represented by Fig. 1. If this idea is 
extended to more sources/mixtures, it is clear that more 
feedback connections will be necessary. However, since we are 
particularly concerned with the adopted criterion, we will focus 
our analysis in the 2 sources/2 mixtures case. It is important to 
mention that, from a theoretical point of view, the structure 
given by Eq. (12) can also establish connections with the 
Deville-Hosseini and the Hérault-Jutten recurrent networks 
[1,10]. 

 

Fig. 1.  Separating Structure: Recurrent network for LQ model. 

Due to the ambiguity of permutation and scale factors in the 
solutions, it is expected that the cost function – Eq. (8) – be 
multimodal, i.e., that it present several null gradient points. 
Hence, to adjust the parameters   ,   ,    and    in the 
separation process, it becomes interesting to employ an 
evolutionary algorithm. Evolutionary algorithms can be 
defined, in simple terms, as populational metaheuristics that 
apply the biological principles of evolution (e.g. natural 
selection, random mutations and strategies of reproduction) as 
means of obtaining optimal “individuals” (i.e. solutions) 
according to a specific fitness function [14]. In this work, we 
used the opt-aiNet, a metaheuristic based on clonal selection 

principle and on the immune network theory. One of the 
advantages of the opt-aiNet is its good performance for 
optimization of multimodal functions [14], which can be very 
useful for problems with nonlinear/multivariate functions like 
ours.  

In the opt-aiNet, each individual will be referred to as a 
network cell or simply as a cell, and will belong to a node. In 
each execution, the opt-aiNet must perform: cloning with 
mutation, exposition to the antigen (fitness evaluation), affinity 
measurement, selection of cells (suppression, by means of a 
threshold) and, finally, the introduction of random cells. In 
view of this, the following parameters must be adjusted:  the 
number of initial nodes   ; the number of clones per node   ; 
the suppression threshold; the percentage of newcomers; the 

affinity scale   and the number of generations     . The 

choice of the parameters values will be described in the 
following, where we also present the simulation results. 

V. SIMULATION RESULTS 

In order to test the proposed criterion, we consider three 
simulation scenarios: two of them with artificially generated 
data – but with different distributions – and one real data 
problem (the show-through problem [7]). In all cases, the 
proposed criterion is compared to the classical MI criterion 
with PDFs estimated via histograms [15]. Both of them are 
provided with the same recurrent network and initial conditions 
for the opt-aiNet optimization method. 

In all cases, the parameters of the opt-aiNet were chosen, 
after preliminary analyses, to be:       initial nodes; 
     clones per node; the suppression threshold and 
percentage of newcomers equal to 0.2; affinity scale      

and number of generations         .  

A. Synthetic Data: Scenario 1 

Our first simulation for the LQ case was made with 
artificially-generated data, being one of the sources a positive-
mean uniform distribution and the other one a combination of 
two Gaussians according to the model:   (         )   
(   ) (          ), being       the occurrence 
probability of each Gaussian. The mixing parameters were 
randomly generated from a uniform distribution, resulting in 
          ,            ,            ,     
      ,            and           ; once generated, 
they remained fixed. The simulations were divided in four sets 
of samples, counting with 50, 100, 200 and 500 samples. Each 
criterion had access to the same set of data. It is important to 

mention that the histogram method used ⌈√ 
 
⌉ identical bins, 

being   the number of samples, and ⌈ ⌉ the ceil operator; for 
the kernel method, the kernel size   must be adjusted for each 
data set: through a linear search from 0.05 to 2, in intervals of 
0.05, we found   equal to 0.40, 0.1, 0.05 and 0.05 for the sets 
of 50, 100, 200 and 500 samples, respectively.  

Since the results depend on the initial condition (which is 
random), as well as on the stochastic nature of the evolutionary 
algorithm it utilizes, our simulation was performed 10 times, 
being the average performance displayed. In Fig. 2 (upper 
plot), we present the Root Mean Square (RMS) values of the 
error for each set of samples for each criterion, i.e., the 
histogram MI method and the kernel QD method. As shown, 
the QD method presented better performance in all cases, 
especially for the sets of 100 and 200 samples, whose RMS 
values were approximately half of that obtained by the 
histogram MI method. The amount of 50 samples indicates to 
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be a rather small number of samples, leading to an 
unsatisfactory performance in both cases. For 500 samples, the 
histogram MI method becomes more accurate and the 
performances of both methods are almost the same. 

 

Fig. 2.  RMS values for the QD-Kernel and MI-histogram criteria. 

In the plots shown in Fig. 3, we can see the original 
sources, as well as the estimates obtained both by the 
histogram MI method and the QD method in one of the 
simulations with 200 samples. As we can see, both the kernel-
based approach and the histogram estimate are able to separate 
the sources (the       plot tends to a diagonal line), but, as 
shown in Fig. 2, they lead to different levels of RMS values. It 
is also worth mentioning that, since the kernel method consists 
of multiple addition terms, its complexity is higher than that of 
the histogram approach and, in this case, for a set of 500 
samples or more, the histogram method can be preferred. 
However, for a smaller set of data, the gain of performance 
brought by the QD is considerable. 

 

Fig. 3.  Sources, mixtures and sources estimates obtained by MI and QD – 

200 samples. 

B. Synthetic Data: Scenario 2 

In the second scenario, the sources are Laplacian 
distributed. In this case, the randomly generated mixing 
parameters were           ,            ,     
      ,            ,           and          ; we 
also used the sets of 50, 100, 200 and 500 samples, being the 
kernel sizes   adjusted to 0.2, 0.05, 0.25 and 0.25 for each set 

of samples, respectively. It is worth mentioning that the kernel 
size can be more sensitive to a small number of samples. 

By proceeding as in the previous scenario, we obtained the 
RMS values showed in Fig. 2 (bottom plot). It is possible to 
note that, for the QD, 50 and 100 samples were not sufficient 
for a good estimate, implying in a lower performance, 
however, for 200 samples and above, the method obtained 
good results. On the other hand, the histogram MI method 
presented more difficulties with this type of distribution, being 
necessary 500 samples to obtain a good performance. 

In Fig. 4, we display one result the opt-aiNet for QD and 
MI, as well as the sources and mixtures (using the set of 200 
samples). It is possible to observe that the QD method provided 
a better separation even for the data more distant from the 
origin. 

 

Fig. 4.  Sources, mixtures and sources estimates obtained by MI and QD. 

From a general point of view, we consider that the kernel-
based QD method is an attractive approach when the number of 
samples is low, i.e., about less than 300 samples, otherwise the 
histogram MI method can be a less costly option with 
comparable performance.  

C. Real Data: Show-through Problem 

For the simulation with real data, we used images subject to 
the so-called show-through effect [7]. In these images, a thin 
paper containing grayscale data is digitally scanned on both 
sides, and for each scan, there is an interference originated 
from the image on the other side, as can be seen in Fig. 5. One 
of the images is mirrored to make it such that the two scans 
overlap the same images. 

       

Fig. 5.  Example of images with show-through effect. 

If we define the original images on each side as the sources, 
then the scans are the mixtures and they can be modeled by an 
LQ model [6]. The reason why this mixture is not linear is 
because lighter pixels can be thought of as being “more 
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vulnerable” to interference from the reverse image than darker 
ones. This nonlinear interference can be modeled by a cross-
product of both pixels’ brightness, which results in an LQ 
modeling of the problem [7]. 

The images considered in our simulations are two and have 
a resolution of 259x284 pixels, as illustrated in Fig. 5. 
However, to test the performance of the criterion, we 
considered a reduced set of samples: we randomly selected a 
single column in each image (the same column for both – more 
precisely, the column 96). From these samples, we performed 
the adjustment of the recurrent network by using, as before, the 
same parameters for the opt-aiNet and the two criteria: the QD 
(     ) and the classical MI. The results are as shown in Fig. 
6. Visually, we can say that the separation effectively occurred 
for both criteria, being the estimates very similar. However, if 
we look to the RMS values displayed in Tab. I, it is possible to 
note that the QD algorithm performed slightly better. 

   

(a) 

      

(b) 

Fig. 6.  Recovered Images for (a) the MI and (b) the QD method. 

TABLE I.  RMS VALUES FOR THE KERNEL-QD AND HISTOGRAM-MI 

CRITERIA IN THE SHOW-THROUGH PROBLEM. 

No. Samples  MI QD 

259 0.002327 0.002168 

518 0.002152 0.002134 
 

In a second test, we increased the number of samples to two 
random columns, i.e., 518 samples and adapted the recurrent 
network. In this case, the performances of both criteria are very 
similar in terms of the RMS value, as shown in Tab. I. Note 
that for the histogram MI method, the addition of another 
column was necessary to increase the performance, while for 
the kernel-based QD method the performance was practically 
the same as before, meaning that it can provide a better 
performance from a lower number of samples. 

VI. CONCLUSIONS 

In this work, we have presented a kernel-based method to 
estimate the statistical independence among random variables 
through the metric know as quadratic distance. As shown, it 
can lead to simpler relations when combined with the kernel 
methods. This method was applied to the linear quadratic 

mixtures – a nonlinear BSS problem – and was compared to 
the histogram method for the estimation of the classical mutual 
information. The performance analysis took place in three 
different scenarios: two of them with synthetic data and the last 
one with real data (the show-through problem). 

From the obtained results in the chosen scenarios, it is 
possible to state that the kernel-based quadratic distance 
method is able to estimate the independence between samples 
in a more accurate fashion than the histogram-based method, as 
long as the kernel size is correctly adjusted. However, the 
kernel size can be more sensitive for a small set of samples. 
The histogram method, on the other hand, becomes equally 
accurate when the number of samples is increased (for more 
than 500 samples, according to the simulations). Since the 
kernel method is computationally more costly than the 
histogram method, the proposed method is particularly 
attractive when the data set is small, when the performance can 
be twice as better as that of the other method. For future works, 
we intend to extend this analysis to other types of scenarios, 
including the ones with a larger number of sources and 
mixtures, as well as to underdetermined problems. 
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